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Abstract. We study the cancellations among Feynman diagrams that implement the Ward and Slavnov- 
Taylor identities corresponding to the conserved supersymmetry current in supersymmetric quantum field 
theories. In particular, we show that the Faddeev-Popov ghosts of gauge- and supersymmetries never 
decouple from the physical fields, even for abelian gauge groups. The supersymmetric Slavnov- Taylor iden- 
tities provide efficient consistency checks for automatized calculations and can verify the supersymmetry 
of Feynman rules and the numerical stability of phenomenological predictions simultaneously. 
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1 Introduction 

Despite its excellent quantitative success, the Standard 
Model (SM) of elementary particle physics can not de- 
scribe nature up to arbitrarily high energy scales. Rather, 
the SM is generally considered as an effective field theory 
which provides an accurate description of nature up to an 
energy scale on the order of one TeV, but not far above. 
The most popular candidate for an extension of the SM 
is Supersymmetry (SUSY), which stabilizes the extremely 
small ratio of the electroweak symmetry breaking scale to 
the Planck scale by softening ultraviolet divergencies. At 
the same time, a SUSY scale at one TeV makes the cur- 
rent precision data compatible with grand unification and 
simultaneously provides candidates for the dark matter 
observed in the universe. 

High energy physics experiments currently under con- 
struction for the Large Hadron Collider (LHC) and being 
planned at a future Electron Positron Linear Collider will 
discover the Higgs particle and SUSY — if they exist. How- 
ever, once a Higgs boson is discovered, the determination 
of its quantum numbers and couplings will require pre- 
cision measurements of multi-particle final states at high 
energies (see [1,2,.:)] for overviews). 

For this purpose, precise predictions are indispensable. 
Obtaining such predictions typically involves the calcu- 
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lation of tens of thousands of contributing Feynman di- 
agrams, both from radiative corrections and from irre- 
ducible backgrounds for many particle final states. These 
calculations are impossible without tools for fully auto- 
mated calculations [4] . The predictions obtained with such 
tools must be checked for consistency: the Feynman rules 
and input parameters (masses, coupling constants, widths, 
etc.) must implement the symmetries correctly and the 
numerical stability of the resulting computer programs is 
non-trivial, since gauge- and supersymmetries cause strong 
cancellations among the contributing diagrams. It is of 
course desirable to test consistency and stability also in a 
fully automated manner. 

Since symmetries are the fundamental building blocks 
for the construction of specific models and simultaneously 
responsible for delicate cancellations among perturbative 
contributions, it is natural to use their consequences as 
consistency checks. In supersymmetric field theories we 
must, of course, use SUSY as one of the symmetries in 
addition to the ubiquitous gauge symmetries (the latter 
are discussed from a similar point of view in ["]). 

In quantum field theories with only global symmetries, 
conserved currents directly lead to Ward Identities (Wis) 
equating the divergence of a Green's function containing a 
current operator insertion with a sum of Green's functions 
of transformed fields 
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— (O|Tj^(x)^i(xi)02(x2)...|O) 

Ox ^ 

= 5\x - xi) (0|T [Q,0i(xi)]02(a;2) . . .|0) 
+ 5\x - X2) (O|T0i(a;i)[O, cj)2{x2)] . . .|0) 

+ . . . + (0|T a''j^(x)0i(xi)02(x2) . . . |0) (1) 

where the last term vanishes for a conserved current. In 
theories with local gauge symmetries, the derivation of 
Wis breaks down in perturbation theory, because it is 
necessary to fix the gauge before defining the perturba- 
tive expansion. However, a global non-linear BRST sym- 
metry survives and the conservation of the correspond- 
ing charge generates Slavnov- Taylor Identities (STIs). It 
is well known that the STIs provide enough constraints to 
make the theory well defined in all orders of perturbation 
theory (see e.g. [G,7,8,9]). In the special case of abelian 
gauge symmetries with a linear gauge fixing condition, 
the STIs reduce to the Wis, as is familiar from Quantum 
Electrodynamics (QED). 

For the purpose of automated consistency checks for 
perturbative calculations, a balance must be struck be- 
tween the extreme cases of simple tests that might not 
be comprehensive and comprehensive tests that might be- 
come sufficiently complicated to be a source of errors them- 
selves. With this motivation, we have studied the Su- 
persymmetric Ward Identities (SWIs) and Supersymmet- 
ric Slavnov-Taylor Identities (SSTIs) for simple scattering 
amplitudes at tree level. 

The role of the SSTIs for one-particle irreducible (IPI) 
vertex functions in renormalization theory has been stud- 
ied comprehensively [6,7,8,9,10] and we can not claim 
to add anything to this topic in the present paper. In- 
deed, most of our results could be inferred indirectly from 
known general theorems. On the other hand, we are not 
aware of a detailed demonstration of how intricately the 
various features of supersymmetric gauge theories interact 
already for very simple amplitudes. As we will show below, 
the SWIs and SSTIs test the Fermi statistics, the Lorentz 
structure of vertices and the delicate cancellations among 
diagrams simultaneously. These demonstrations show how 
the SWIs and SSTIs can be used for testing the results of 
automated calculations comprehensively. 

In section 2 we demonstrate explicitely that the SWIs 
are violated off the mass shell in supersymmetric gauge 
theories, even in the case of an abelian gauge group. We 
then proceed to show explicitely how the SSTIs are sat- 
isfied in Supersymmetric QED (SQED) in section 3 and 
repeat the exercise for Supersymmetric Yang-Mills the- 
ory (SYM) in section 4. The consistency checks presented 
here have been implemented in the automated optimizing 
matrix element generator O'Mega [' '] and more examples 
can be found in [12]. 

2 Off-shell Violation of Supersymmetric Ward 
Identities in Gauge Theories 

In gauge theories with global supersymmetry, there is a 
Majorana spinor- valued conserved Noether current corre- 



sponding to the SUSY, which will henceforth be called 
the supersymmetric current or SUSY current. In the case 
of SQED (see appendix B.l for the Lagrangian and our 
conventions) the SUSY current reads 

Ji" = iV2{4,^Vb. + 0t'^L)(i? -m + e4)7'^if = 

+ Iri^ri'F^px ~ ier - \4>+?) a . (2) 

— T 

where = is the charge conjugated fermion, i. e. the 
positron. This current is conserved 

df^J^ = (3) 

as can be checked explicitely, using the equations of mo- 
tion in the Heisenberg picture. In the quantum theory, the 
selectron-electron current 

JM^P2) = F.T. (0|J'^(x)|(/)_(pi)<Z^^(p2)) 

oc VR{i>i - m)7^u(-p2) (4) 

provides a trivial example for an on-shell Ward identity 

(X VR{i>i - m) {i>i + i)2) v{-p2) = (5) 

which vanishes from the Dirac equation and the equality 
of electron and selectron masses. Here and in the follow- 
ing, we use the symbol "F.T." for the Fourier transform 
of Green's functions and matrix elements, suppressing 6- 
functions and powers of 27r from momentum conservation. 

As is well known, the WI (1) is valid off-shell in non- 
supersymmetric QED. In order to explore the supersym- 
metric case, we will now discuss several examples of SWIs 
in SQED, writing (1) as 

F. T. (0|T e^'^(x)Oi(yi) . . . 0„(2/„) |0) 

n 

= ^ F. T. (0| T Oi . . . 0,-iS^O,{y,)0,+i . . . 

i=l 

...On\0)-S\x~y,), (6) 

where is the momentum flowing into the Green's func- 
tion through the current operator insertion (therefore —k'^ 
~ Pi sum over all other incoming momenta) and 

6^ is the SUSY transformation of the fields. Note that 
we have multiplied the supersymmetric current in (6) by 
the SUSY transformation parameter ^, turning it into a 
bosonic operator. In (6), we have assumed that SUSY cur- 
rent conservation guarantees that 

A = F.T. {0\Td^ J^{x)Oi{yi) . . . O„(2/„)|0) (7) 

vanishes. Unfortunately, the gauge fixing required for per- 
turbation theory is not guaranteed to be compatible with 
SUSY current conservation. In fact, we will see soon that 
Z\ ^ in Wess-Zumino gauge. Nevertheless, we will call (6) 
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a SWI for the SUSY current, keeping in mind that any vi- 
olation of (6) is equivalent to Z\ 7^ 0. 

For one selectron and one electron field, (6) reads 



1 



1 1 



kf" F.T. (0 



= F.T. {0\T^{x2Mxi)rR^\0) 6\xi - y) 



F.T. (0 



T0L(a;i)(i^+ m)0_(x2)7'i^e 0) S\x2 ~ y) 



(8) 

In momentum space, the position space 5- functions in the 
contact terms correspond to momentum influx, that we 
will represent graphically by a dotted line. Using k + pi + 
P2 — with all momenta incoming, (8) is therefore written 
graphically 




Pi 



(9) 



P2 

corresponding to the algebraic relation 



p1 — 111? ^2 



^2 + '71 Pi — TO? 



(10) 



which is indeed satisfied identically. Attempting to extend 
this result to the case of a photon and a photino 




Pi 



Pi 



(11) 



F.T.(0|TeJp(y)A,(a:i)A(x2)|0) 
i F. T. (0|T {5^A,{xi)) \{X2)\Q) 5\xi - y) 
+ F. T. (0|T A,(.Ti) {6^X{x2W) ^^{^2 ~ y) (12) 

we find 
1 



-fc'" F.T 



TX{x2)Xiyh''j^[r,l^] 

da^Apiy)A,ixi)C\0) 
-F. T. {0\TXix2)X{x,)j,j^^\0) S\x, - y) 

F.T.(0|TA,(a;i)(9SM^(x2))[7",7^]7'^|0)x 

5\x2~y) (13) 



and 
1 



(-l)(K+P^)-7^7'7M[7",7^](-ipi..)^C 
^ P2 Pi 



. i.i'i-'7,^[-i>iMi'i- (14) 
P2 ^ Pi 

After some algebra, we can rewrite the left hand side of 
(14) 

l\[h,i.h'^ + ^lui'C- ^^pi,^i'^ (15) 
2 Pi P2 ¥2 PI 

and the SWI (6) is not satisfied off-shell (see also [ ]). 
We did not expect this violation of a SWI, i. e. Z\ 7^ 0, for 
a global symmetry in an abelian gauge theory. We notice 
that the violation is proportional to the momentum of 
the gauge boson. Therefore it vanishes for physical matrix 
elements and the SWI is valid on-shell. 

Before discussing the physics of this violation of the 
SWI, we accumulate more evidence. At tree level, there 
are four Feynman diagrams contributing to the matrix 
element of the supersymmetric current for a photon, a 
selectron and an electron 



X2 



Xi X2 



X3 



f + 



X3 y xi 

Xi X3 X2 



+ 



y 



X2 




Introducing the amputated Green's function 
F. T. lQ\TT^.{y)£.<f>Hxi)A,{x2)^{x3)\Q] 



1 —1 —1 

n2 »-} 2 



F.T. 

we find 
F.T. /o 



p\ — m? P2 ^3 + m 
(0 TT^{y)4>l{xi)A,{x2)^{x3) 0) e (17) 

\ / amp. 



T MyW_{xi)A,{x2)^{x3) 



0) ? 

amp. 



2 7m (1^1 + h + 



^ V2ie{2pi+p2) 
{Pi +P2)^ - m 

+ %/2ie7^ ^ + m)^R 

+ ^^R j. ! ^ l^'lt^ih^lA + \/2ie7^7,e« . (18) 
V2 P1+P3 

On the other hand, there are four non- vanishing contribu- 
tions from the SUSY transformations of these fields 
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F. T. %/2 {0\TWixi)CRA,ix2)^ix3)\0) 



U (19a) 



F.T. (0 



T0L(xi)(-e7.7'A(a;2))f(x3) 



-V2( 



1 1 



pI — m'^ ^3 + m ^2 + ^ 



l.U (19b) 



-F.T. V2<^0 
= -V2e 



1 1 



9 9 ? 

— P2 



1 



F.T.V2e(0 



Hps + ky - m^) 



T<f>Ux,)A,{x2){~r{A^<i>-){^3mR) 



{-i>3-^ + m)£,R (19c) 



-\/2£ 



9 9 ? 



(19d) 



where (19d) includes a composite operator insertion from 
the nonhnear SUSY transformation. Contracting the cur- 



rent matrix element with 
after some algebra 

-i 1 



^3 + ni {p\ — m?)p2 



-{Pi +P2+ Pa)^., we find 



fc^ F.T. (0 



TJ^iy)q}Uxi)A,{x2)^ix3) 
= contact terms (19) 



0) e 

amp. 



V2e 



(pI - m?)pl{i)3 + m) 



-{i>i +i>2- rn)-f^ + {2pi + p2)„ 



~lA^i+m) + l[^2,l.]-/^]^R (20) 

and the term violating the SWI ofF-shcU is again propor- 
tional to the momentum of the gauge boson and vanishes 
on-shell. 

Before jumping to the conclusion that the off-shell vi- 
olation of the SWI is connected to the presence of exter- 
nal gauge bosons, we should consider yet another example 
that docs not contain any gauge bosons: 

fc^ F.T. (o\TlJ^{y)4>Uxi)^-ix2)Xix3)\o 
= F. T. x/2 (0|T {Wl{xi)^r)(I)-{x2)X{x3)\0) S^x^ ~ y) 
+ F. T. \/2 4>Hxi){UWl{x2))\{x3)\q) 5^x2 - y) 

T cf,l (.Ti )0_ {x2)d^A0{x3) [r , ¥']l'^ 
S\x3 - y) 

Tcj,U^i)^^{x2){cj)U-){x3)i\o)s\x3^y) 

(21) 



- - F.T. (0 
2 



e F.T. (0 



0) X 



There are again four diagrams contributing at tree level 
to the Green's function with current insertion 



X2 



Xi 



X2 




+ 



X3 y Xi 

Xi X3 X2 

+ 



Xi 



+ 




(22) 



y X2 y 

and we find for the left hand side of (21) 



X3 



{pI- ■m?){pl- m?)i)3\ {P1+P2Y 
2 

+ I ^ I 7m (/^2 + m)£,R 

pl + P3 + m 

2 

+ Vr 7^(;^i + m)$i - 7^,^ 

P2+P3. + 'm 

{pI - nfi)j>3 pi+Tl>3 + m 



7m 1^2] 7^? 



2e 



{pI - ■m'^)i)3 ' '^i)2+i>3 



-Vr- 
e 



1 



— m^){p2 — m^) 



{pI - m'^){pl - m?){pi +P2)' 



{pi~pl)lH (23) 



[pI - rrfi){pl - m^)i)3 pi + p2 



In the first four terms on the right hand side we recognize 
the contact terms, but the last one violates the SWI (21) 
off-shell 



fc^ F.T. (0 



T J^4>1{X^)^_{X2)KX3) Oj 

— contact terms cx {p\ — p\) (24) 



and vanishes on-shell by the equality of the selectron and 
anti-selectron masses. 

Summarizing our observations for these SQED exam- 
ples, we find that the SWIs are indeed satisfied on-shell, as 
expected. However, we also find that even for an abelian 
gauge theory, the SWIs must not be continued off the 
mass shell. Once we are aware of the problem, we could 
avoid it in the practical application of testing matrix el- 
ements (and automated matrix element generators). We 
can either use Green's functions with more legs on-shell 
instead of Green's functions with fewer legs off-shell or go 
to the SSTIs discussed below. 



T. Ohl, J. Reuter: Supersymmetric Ward and Slavnov- Taylor Identities At Work 



5 



However, there remains the theoretical question: why 
are the SWIs violated ofT-shell even for abelian gauge the- 
ories, contrary to the naive extrapolation from QED that 
Zi = in (7)? As has been shown in [13,9,10], SUSY is 
not a symmetry of the S-matrix for perturbative SUSY 
gauge theories. The gauge- fixing procedure required for 
the quantization of gauge theories is not compatible with 
SUSY and breaks the invariance of the action under SUSY. 
Therefore, the SWIs are not valid in the whole indefinite 
metric "Hilbert" space used for the covariant quantization 
of gauge theories, but only in its physical subspace. By the 
same token, the SUSY charge does not commute with the 
S'-operator in supersymmetric gauge theories. However, 
the difference of the action of the SUSY charge opera- 
tor on the space of asymptotic "in" and asymptotic "out" 
states can be written as the combined gauge and SUSY 
BRST transformation of the derivative of the effective ac- 
tion with respect to the ghost of SUSY [9] 



Qbrst 



de 



(25) 



In the language of [ ], this can be rewritten as an iden- 
tity for the commutator of the SUSY charge with the S'- 
operator 



oe 



(26) 



where the symbol "o" denotes operator insertion. The 
right hand side vanishes between physical states, which 
span the cohomology of the BRST charge. Therefore, the 
SUSY charge is indeed a conserved symmetry operator on 
the physical Hilbert space, but not on the larger indefinite 
metric space. 



3 Supersymmetric Slavnov- Taylor Identities 
in SQED 

The Lagrangian of SQED, given in appendix B.l is invari- 
ant under the BRST transformation s: 

s0_(a;) = iec{x)(f>^{x) - V2 {eP l"^ {x)) ~ iuj''d^(t>^{x) 

(27a) 

s(j)l{x) = -iec{x)(l)l{x) + V2 {^{x)VRe) - lu" d^(t)'^_{x) 

(27b) 

s(j)+{x) = -iec{x)(t)+{x) + ^/2i^{x)VL^) - ioj" d^(t)+{x) 

(27c) 

s0t_(a;) = +iec{x)(l)\{x) - y/2{rPRW{x)) ~ loj" d^(j)\{x) 



(27d) 



sW{x) = iec{x)W{x) 



(i^ + m)cj)_{x)VB. - (i^ + m)(j)\{x)VL 



+ e^{x)(^_{x)VR - e^{x)4>l{x)VL 



s\P{x) = -iec{x)W{x) 

+ V2e VLii^ - m)(t)'^_{x) - Vr{i^ - m)(f)+{x) 

- e4>l{x)VLMx) + e4>+{x)rRMx) 

- loj^d^Wix) (27f) 
sA^,{x) = df,c{x) - e7^A(a;) - iuj'^d^Af.ix) (27g) 



sX{x) 
sX{x) 



^a/3(x)7"7^e + e|0-(x)r7^e 



2^,5, 



e\(j)+{x)fj^e-iLo''d^X{x) 

''--eri^F^f3ix)+e-ej'\^^{x)f 

-el-f' |(/>+(x)|^ -icj''9^A(a;) 
sc{x) = i(e7'^e)A^(x) - \uf dyc{x) 
sc(x) — \B(x) — dvcix) 
sB{x) ^ {e"f^'e)^^cix) - icu^d^Bix) 
se = 



(27h) 



(27i) 
(27j) 
(27k) 
(271) 
(27m) 
(27n) 



The identities for adjoint fields follow from the relations 
sB^^{sB)\ sF^ = -{sF)^. (28) 

for bosonic fields B and fermionic fields F. 

In addition to the familiar Faddeev-Popov ghosts for 
the abelian gauge symmetry c{x), c{x), there are ghosts 
for SUSY e and for translations lu'^. Since we are only 
considering global SUSY, the ghosts e and uj'^ are con- 
stants, which will later allow a simple power series expan- 
sion of SSTIs with respect to these ghosts. Our conven- 
tions for the ghosts are spelled out in appendix C, but we 
should stress here that e is bosonic, because it is a ghost for 
a fermionic symmetry. The transformations of the ghosts 
are chosen to guarantee the closure of the algebra[14,9] 
and can be understood from an examination of the super- 
Poincare algebra. The first part of each transformation 
in (27) — if present — stems from the gauge transformation, 
the second from the SUSY transformation and the last 
from the translation. 

As required for a BRST transformation, the transfor- 
mation (27) is manifestly nilpotent 

2 1 2 1 2 a 2 2- 

S <p- = S 0+ = S ~ S C—S C 

= s^B = s^e = s^ujf, = (29a) 

except for the transformation of the fermion fields, where 
the square of the BRST operator is proportional to their 
equations of motion 



5£ 
6£ 



(29b) 
(29c) 



ito^d^^ix) 



(27e) 



The derivation of the latter identities requires multiple use 
of the Fierz identities. 
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The gauge fixing and ghost terms have the form 

S'gf+fp = <i*xs{cF) (30) 

with a gauge fixing function F. For definiteness, we will 
choose a class of linear and covariant gauge fixing func- 
tions 

F = d^A^ + (31) 

with a free gauge parameter ^ and Nakanishi-Lautrup aux- 
iliary field B. The BRST transformation yields 

5gf+fp = J d'^x jsa^A^ + ^B^ + icDc 



ic(e^A)+i^c(e7^e)a^c[> (32) 



The last two terms, which are absent in non-supersym- 
metric QED, couple photino, Faddeev-Popov ghosts and 
SUSY ghosts: 



c{-p) 



c{-p) 




-i|i 



(33a) 



m 

c{p) 



(33b) 



As we shall see in section 3.1, these couplings are cru- 
cial for the SSTIs. Intuitively, SUSY and gauge symmetry 
don't commute in the de Wit-Freedman description [15] 
and even abelian gauge models become necessarily non- 
abelian. 

Note that only the gauge ghosts are propagating fields, 
while all other ghosts are simply constant operator inser- 
tions. Black boxes in the Feynman diagrams indicate the 
ends of ghost lines. 



3.1 Examples for Slavnov- Taylor Identities in SQED 

In this section we will explicitely demonstrate exemplary 
SSTIs for SQED ^. Starting with the case photon and 
photino [13,8,16] which heralded the problems with the 
SWI in (12) 



|T {QBRST,A,{x)X{y)}\0) = 0., 



(34) 



^ For brevity, all formulae are given in Feynman gauge ^ = 1, 
but all results have been verified for arbitrary ^ 7^ 1 as well. 



there are three contributing diagrams 




(35) 



The first diagram evaluates to 
-(0|T(67,A(a:))A(2;)|0) 



(0|TA(y)(A(x)7.e)|0)^^7.e (36) 



where the fact that the SUSY ghost e is commuting enters 
via e7iyA = -l-A7^e and (A7^e)A — — A(A7i,e). The second 
diagram evaluates to 



^(0|T^,(a:)F„^(y)7Ve|0) 



F.T. 1 -l?7i//3 , 



i 1 



2 p '-{-iK)[r,l']e = ---,[lfenuV. (37) 



Finally, the third diagram contains one interaction oper- 
ator from (32), which carries no coupling constant 



d^z U T9;^c(a;)c(z)A(y)(A(z)^ e) 



and the three terms add up to zero 



(38) 



(39) 



without application of the equations of motion. In contrast 
to the SWI, the SSTI is therefore fulfilled off-shell. Obvi- 
ously, the term coupling the two ghosts to the photino is 
crucial here. 

Encouraged by this observation, we can turn to more 
complicated examples. For electron, selectron and photon 
(cf. (20)) we should find 



0= (0 



T 



{Qbrst, <j>l{xi)A,{x2)^{x:i)]\Q) 
= -ie<Jo|Tc(xi)(/)^a;i)A^(x2)<f'(a;3)|o 
+ V2{Q\i:{W{x^)VBe)A,{x2)'^{x3)\{)) 
+ (q\i: 4>Hx{){d,c{x2))'^{x^)\Q 
T0l(xi)(A(x2)7.e)f(x3)|o 
T 4>l{xi)A,{x2)c{xz)^{x:i) 



ie/o 



(i)L{xi)Ay{x2)y- 



V2((i^ + m)0_(2;3)7'i^ + (i^ - m)0^(a;3)7'i 
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e^{x3){(f)^{x3)'PR + <I>1{x3)'Pl)) e O) (40) For the right diagram we find 



The first and the penultimate Green's function vanish and 
the second Green's function yields graphically 



(41) 




and analytically 



^12 — 



1—771 



\/2e 1 1 ^ 

where we have introduced the shorthand ki2 = fci + ^2- 
In the third Green's function, the ghost interaction con- 
tributes again 

□ 



12 



(43) 



and yields 



(1^2,1.) 



-V2-, 



eki 



Vrc. (44) 



{kf — 7772)/c| 1^12 — 777 

For the fourth Green's function we find one diagram 

-fci2 y 



y 



(45) 



and the expression 



k'^ — W? ^12 — 777 



V2e 



-7 



/2e 



kl — -m? k^ {kl — im?)k2 



-f.VRe, (49) 



while the left diagram gives the result 



^ fcf- 777^ feffcL-^^ "^'^ 

—y/2e 

^ ;2u:27i:2 — :^(2fci + ^2)^(^12 + m)VRe . 



1 



(kf — ■w?)k2 (fci2 — rn^) 



(50) 



Adding up all four terms, we find that the sum vanishes 

{kl - 777^5^2 - m) {^^(^^ + + - ^^^^ 

+ {h2-m)-f,-{2ki + k2)u\vRe = Q (51) 



and this SSTI is also satisfied. 

Finally, the SSTI corresponding to the SWI (21) is [8] 



= (0 



T {QBRST,0-(2:i)0i(a;2)A(a;3)}|o) 
= ie ( 1 T c(a;i ) (/)_ (a; 1 ) (a;2 ) A(a;3 ) 1 






\/2(0 



ie/o 



T 4>^{xi)c{x2)(j)^_{x2)\{x3) 

+ x/2(o|T0_(xi)(^(x2)7'fle)A(x3)|O) 
]-e(QW4>^{xi)4>l{x2)dMx3)[l",l'^]e\Q 



+e(0 



T 



^_(X1)0UX2) (|^-(X3)|' - \MX3)\^) 7'e|0 



(52) 



None of these Green's functions vanish and the contribu- 
tions are 



fci2 / / -k 



k2 / 



V2e 



1 1 



kl — 777^ 1^12 — m ^2 



-i.VRe (46) 



The last Green's function gives two contributions 

%/2 (o|t (^Ua;i)A,(x2)(i^ + r77),/)_(x3)7';^e 
+ V2eiQ\i:4>l{xi)A,{x2)-t^{,Ax4>-){.X3)VR€ o) (47) 
corresponding to the diagrams 
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{kl - m?)kl2 



(53a) 



= -2e 1 , ^ 

^2 (fc2_™2)(^2_^2) 



^ ^2^ i^^^ 



(48) 




(k\ — m'^)kf2 



(53b) 



(53c) 
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2e 



fcl (-1,2 



2{kl - m'^){kl - m^)kl^ 



2VRe 



(53d) 



(53e) 



ki / 



\fc2 



(k\ — 'm'^)(k\ ~ TO^) 



7^e (53f) 



After combining these contributions, simple Dirac alge- 
bra shows that they add up to zero, which proves that 
this SSTI is valid, too. 

These examples have demonstrated how the formal- 
ism of SSTIs works for supersymmetric gauge theories, 
when the constant SUSY ghosts are introduced with the 
correct couplings. The explicit calculations have demon- 
strated how all components have to interact in order to 
satisfy the SSTIs. Testing a set of SSTIs in a model nu- 
merically will simultaneously test the Feynman rules, the 
signs from statistics and the numerics of vertex factors. 



4 Non-Abelian Gauge Theories 

We can also apply the formalism of BRST quantization 
to non-abelian supersymmetric gauge theories (see ap- 
pendix B.2 for the Lagrangian and our conventions). The 
gauge part of the BRST transformations contains terms 
that are absent in the abelian case (27): 



scj)+Ax) = -igc-{x)Ttj(j,+^^{x) 

+ V2 {^,{x)Vl^) - iuj^d^d^+^^ix) 
s<j^\Ax) = igc%x)4>l,,{x)T^, 

~ V2{tPR^,{x)) - iuj''d,(t>l^,{x) 
sW,{x) = igc^{x)^^,{x) 



(54a) 
(54b) 
(54c) 
(54d) 



V2 



{i^ + m)(f>^4x)VR 

- {i^ + m)<l)l/x)VL 
+ gr{x)^<i>-,j{x)VR 



^iuj^d^W^ix) 
sW,{x) = -igc^{x)W,{x)T^^ 



(54e) 



rLii^-m)(l)l/x) 
- pRii^ - m)(f>+s{x) 
^g^l_^{x)VLT^,ri^) 
+ g<P+^,{x)VRT^,r{x) 
iLj'd.W.ix) 



(54f) 



sA;{x) = {D^c{x)r - n,X''{x) - ico'-dMx) (54g) 



sX^ix) = gfabcc\x)X^ix) + -F^^(x)riPe 

+ g(cl,Ux)T-cf>^{x))j''e 

-5(<^+(2:)T>^+(a;))7'e 
-iuj^d^X^ix) 

sX^ix) = gfabcc'ixmx) - '-en^F^f^ix) 
+ <7e7' (0L(x)rV_(.T)) 
-gn' (0+(a:)T>^.(x)) 
- icu^d^X^ix) 



(54h) 



sc^ix) 
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fabcc''{x)c''{x) 



+ i{ej^'e)Al{x)~iLj''d,c''{x) 
sc^ix) = iB^ix) ~ iiu^d^^lfix) 
sB^ix) = {ej''e)d^,c''{x) - iuj" d^B^ix) 
se = 
sw^ = (e7'^e) 



(54i) 

(54j) 
(54k) 
(541) 
(54m) 
(54n) 



Except for the ghost-ghost-gluon vertex, familiar from non- 
supersymmetric gauge theories, the gauge fixing and ghost 
part of the Lagrangian is the same as in the abelian case 
(32). In particular, the SUSY ghost interactions are iden- 
tical to (33), with the obvious sum over the gauge ghost 
implied. 

To demonstrate a SSTI in SYM, we choose two glu- 
ons and a gluino, since this will involve the non abelian 
coupling of gluons, gluinos and ghosts [ ]: 

0=(0|T {QBRST,A^(a;i)A^(x2)A^(a;3)}|0) 
^ {D^cY{xi)Al{x2)X^{x:i)\Q) 
-(0|T {e-f^X'^{x,))Al{x2)X^{x^)\Q) 
+ {a ^ fi ^ ly, x\ ^ x-i) 

+ \ {^\TAl{x{)Al{x2)dxAl(x^)Yl\^-Y\^) 

+ 1 (o|T^;:(xi)4(^2) (x3)[7\7ir^e|o) . 

(55) 
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Two Feynman diagrams contribute to the derivative part 
of the first Green's function 



F.T. (Tz (0 



Pl2 




c a 



\Pi 



/P2 




-Pl2 



(56) 



and evaluate to 

-iff/ 



abc 



„2„2„2-^^i27^Pi,Me (57a) 
P1P2P12 



_-gfabc 



P1P2P12 



The gauge connection contributes another diagram 
- ^r-^^F.T. J d^z (o| T {A^) (xi)c^ (z)A=(x3) 

(a7(^) } e)Ai{x2) 




P2/ 



which gives the analytical expression 

-1 i . , igP^" 



(58) 



P2 P12P12 



i|^i2e = 222 Pi^Mi^^ (59) 

P1P2P12 



The second Green's function results from the SUSY 
part of the BRST transformation and contributes only a 
single diagram 

F.T. {{)\T Al{x2)X%xs) (A<'(a;i)7^e)|0) 



-P12 / 




This yields the analytical expression 



1 -1 fabc 1 . , ^ iff/ 



abc 



, 2-ff7t//°'"':7-7/xe= '2^2 2 'i>\2lvhlv^^ (61) 

/12K2 P1P2P12 

The final two Green's functions are contributed by the 
SUSY transformation of the gluino, first 



-F.T. (0\TA;{x,)Atix2)dxAl{xs)[j\j'^]e\0) 




(62) 



yielding 



1 —1 —1 —1 

2 Pi pI P12 



ff/"''^(-i)Pl2,A[7^71x 



Vt^f {Pi -P2)k + ni^K (2p2 + Pi)^ + V^K (-2pi - P2)^ 

igfabc I r 

ViJ,iy\:^i2,^i -^2] + {2p2+pi) b^i2,7i^] 



plphl2 2 



- (2Pi+P2)^[?^12,7m] 



e (63) 



and second 



F.T. < 



TAUxi)Al{x2) 



(^M(^3)[7^71e 
a 




(64) 



yielding (with a symmetry factor 2!) 



abc 



„2 „2 [7/*>7i/]e 
Pi P2 



HP2P12 2 



^[lti,lAPi2^ (65) 



Collecting all the contributions (including the symmctriza- 
tion), we find that they indeed add up to zero and the SSTI 
is satisfied, as expected. This example shows the non- 
trivial cancellations among the gaiigc and the SUSY parts 
of the BRST transformations, which are at work already 
for very simple Feynman diagrams. 



(60) 5 Conclusions 

In this paper, we have revisited the off-shell non-conser- 
vation of the supersymmetric current in supersymmetric 
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gauge theories. The BRST formahsm allows to derive su- 
persymmetric Slavnov- Taylor identities, which can replace 
the supersymmetric Ward identities. The SWIs are vi- 
olated ofF-shell as a result of perturbative gauge fixing, 
while the SSTIs remain valid with the help of additional 
ghost interactions. 

The investigation of the diagrammatical structure of 
the SSTIs shows that they provide efficient consistency 
checks for the implementation of supersymmetric gauge 
theories in matrix element generators [17]. It is possible to 
generate all SSTIs for a given number of external particles 
systematically and test them numerically. This procedure 
detects flaws in the implementation of Feynman rules and 
in the numerical stability with great sensitivity [12]. 

Since the identities depend on the conservation of the 
BRST charge and not on properties of the ground state, 
the formalism can also be applied to spontaneously broken 
symmetries. For the phenomenologically important case of 
softly broken SUSY [ ], the explicit breaking has to be 
implemented using a spurion formalism, the practical ap- 
plication of which requires further studies. Our diagram- 
matical results can also be used as a basis for constructing 
supersymmetric subsets of Feynman diagrams along the 
lines of [I'i 'i]. 



We thank C. Schwinn and K. Sibold for helpful discussions. 
This research is supported by Bundesministerium fiir Bildung 
und Forschung, Germany, (05HT9RDA). 



A Notations and Conventions 
A.l Majorana Spinors 

For phenomenological applications with massive particles, 
four component spinors are more convenient. Our Majo- 
rana spinors satisfy 



A. 2 SUSY Transformations 

The SUSY transformations for chiral and vector super- 
fields read 



(70a) 



5^i;L = ^V2im)^n-V2(^^^^^ a (70b) 



and 



(71a) 



S^X" = -'^[rn^b'F^^^ - e {cj.^T'^cf) ^ (71b) 
where W is the super-potential. 



B Models 

B.l Supersymmetric Quantum Electrodynamics 
(SQED) 

In our conventions is a left-handed superfield with 
charge — e, while ^-|_ is a right-handed superfield with the 
opposite charge. The covariant derivative is 



da - leAa 



(72) 



with e being the modulus of the electron's charge. 

We diagonalize the mass terms of the fermions by in- 
troducing the bispinors as the usual electron 



(73) 



By the redefinitions of the fermion fields and after in- 
tegrating out all auxiliary fields we get the Lagrangian 
density (including gauge-fixing, Faddeev-Popov terms and 
SUSY ghosts) 



(66) 



with C — 17^7'^ as antisymmetric charge conjugation ma- 
trix. In the sequel, 9 will always denote a Grassmann-odd 
spinor. Then we have 



5fcr02)' 



9^r^C9i) = 02C-^r^C0i (67) 



Using 



we have 



^ I -rcrc 



r ^ I,7^7'^,75 

crc-' ^ = 7^[7^7''] 



(68) 



but for commuting spinors like the SUSY ghosts, the signs 
in (69) are reversed. 



£={D^<l>+)^D'^cl,+ )~m'\cl,+ \' 



1 



+ icDc - ic(e^A) + ^c(e7^e)9^c (74) 

Our conventions for the particle propagators in the Feyn- 
man rules are (the arrows indicate the flow of the charge — e 
or of ghost number): 



r- 

A„ 



— I 



1 




A~ 


1 



(75) 
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With all momenta incoming, the vertices are: 



^/.<^+(Pl)'^+(P2) 

c{-p)eX{p) 
\^+?A^A, 

ec{p)c{-p)e 



ie (pi -P2)^, 
ie {pi -P2)^ 

V2ieVL 
— i^ 

-2ie2 
-2ie2 
ie2 



-ic"(e^A'') + |c"(e7''e)a^c'^ (79) 

The propagators are identical to (75), while the three- 
point vertices are (with all momenta incoming) : 

gfabci ri^^{pi-p2)p 
A';XPi)Al{p2)A'p{p3) : +Vup{p2 - Pz)p 



(76) 



B.2 Supersymmetric Yang-Mills Theory (SYIVI) 

Generalizing the abelian case, we introduce a superfield 
transforming under a representation T'^ of some non- 
abelian gauge group and a superfield transforming un- 
der the conjugate representation — (T")*. The generators 
of the gauge group fulfill the Lie algebra 

= -ifabcT^ [{-ry, (-T")*] = ifabc{-Ty 

(77) 

As for SQED, we diagonalize the mass terms of the fermions 
by introducing the bispinors 



4, 



• (78) 



By the redefinitions of the fermion fields and after in- 
tegrating out all auxiliary fields we get the Lagrangian 
density (including gauge- fixing, Faddeev-Popov terms and 
SUSY ghosts) 

+ {D^(t)^)^{Dt'(t)_) - m2|0_|2 + _ m)f 

+ ^A^(^A)'' - \F^,Fr 
- V2g4>l {r^^{J^VL^,) + V2gcb+.,Tt,(X^VB'Ir,) 

^2 



Alc^^,j{p^)4>l^,{p2) 

ai4>1,j{pM+Ap2) 

A'^X^X" 

(f>-^jW,X- 

^Ij^iX'^ 
A^c'c'^ip) 
c''{-p)X>'{p)-e 



+VptJ.{P3-Pl)u] 

ig{Pi~P2)pT- 

iff {P3-P2)pTtj 

^gif^T- 

91fifabc 

-V2igT-rL 

V2igT^VR 
-V2igT-rR 

V2igT-rL 

-"^gfabcPp 



(80) 



and we have in addition the following four-point vertices 



-If 



Aa Ab AC Ad 



e-c-{-p)ec\p) 



f abefc.de {Vl-tpVi^o' ~ Vfi^o'Vi'p) 
^ face fbde(.Vl-ii^V per Vp.a'Hup) 
~^fadefbce{^fiv'np(7 ^/j-p^i>cr)] 

ig2^^,{r-,T^}^ 

i.gV.{r",T''}^ 
{^iiSjk - ^SijSki) 
{S'uSjk - ^SijSki) 

{^il^jk — JjSijSkl) 
iPab 



1 1] 

^ ij 



2 



(81) 



2^ 



{^^'Al){^''Al) + ■i(f^^,{D^'cY 



C Ghosts 

Since the SUSY and translation ghosts are not yet as 
familiar as the Faddeev-Popov ghosts and the relations 
studied in the main text depend sensitively on the correct 
choice of signs, we discuss here our conventions in detail. 

Starting from a gauge transformation with real param- 
eter 6*"* = 9°-, the ghost of a gauge symmetry can be de- 
rived by splitting a Grassmann odd, constant parameter A 
off the gauge parameter. This results in a Grassmann odd 
field, the Faddeev-Popov ghost. Since ghost and anti-ghost 
can not be hermitian adjoints of each other, we choose 
both as independent, real fields. Then the parameter A 
must be chosen purely imaginary: 

M 9 0° = Ac" : (Ac°)* ^ c"A* = -A*c" ^ X* = -X 

(82) 

Proceeding analogously for the SUSY transformation pa- 
rameters f", (starting in two component notation), we 



12 



T. Ohl, J. Reuter: Supersymmetric Ward and Slavnov- Taylor Identities At Work 



can set our conventions for the SUSY ghosts e" , ea. From 

r = Ae", (83) 

and the reahty conditions (C")* = and (e")* = e", we 
get 

(r)* - (Ae")* - A*(e")* = -Ae" = (84) 

J. e. 

r = Ae", = -Aed. (85) 

Switching to bispinor notation 

we arrive finally at 

e = -A7'e (87) 

The analogous relation for the translation ghosts is derived 
from infinitesimal translations 

5af{x)^a^'d^f{x). (88) 

and following the conventions of [9,8] 

a'^ = (89) 

for the connection between transformation parameter and 
translation ghost. The translation is a bosonic symmetry 
and the translation ghost is a Grassmann-odd vector. 
From the reality of the transformation parameter a'' we 
can now conclude with 

= +^l\*uJ^'* = -l\uJ^'* = Wujf' (90) 

that 

w^* = ~UJ^' (91) 
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